Abstract. We construct a Π 1 1 linear ordering in which every Π 1 1 (coanalytic) linear ordering can be order embedded.
Introduction
We say that (A, < A ) is a Borel (resp. coanalytic) linear ordering if A is a set of reals, < A is a linear (total) ordering of A, and both A and < A are Borel (resp. coanalytic).
By the structure theorem on Borel orderings in [2] , given any Borel linear ordering (A, < A ), there is a Borel linear ordering (B, < B ) such that (A, < A ) can be order embedded in (B, < B ), but (B, < B ) cannot be order embedded in (A, < A ). It follows that there is no universal Borel linear ordering with respect to order embeddability.
In this paper we show that among coanalytic linear orderings, on the other hand, there is a universal one: Theorem 1.1. There exists a Π 1 1 set P of reals and a Π 1 1 relation < P ⊆ P ×P which linearly orders P and satisfies the following: if A is a set of reals and < A ⊆ A × A is any Π 1 1 relation which linearly orders A, then (A, < A ) is order embeddable in (P, < P ).
Preliminaries
Unless otherwise noted, we use notation, terminology, and results of modern descriptive set theory as can be found in a standard textbook like [3] , [4] , or [6] . The facts about linear orderings used below can be found in [5] ; here we review those which we will need. We also use results from [1] and [2] about Borel orderings.
We use the standard notation of set theory for ordinals: ω, the smallest infinite (countable) ordinal, is the set of all natural numbers (finite ordinals); and ω 1 , the least uncountable ordinal, is the set of all countable ordinals.
A linear ordering is an ordered pair (A, < A ) where A is a set and < A ⊆ A × A is a relation on A such that < A is transitive and satisfies the rule of trichotomy on A: For any x, y ∈ A, exactly one of the conditions x = y, x < A y, and y < A x holds. In this case we say that < A linearly orders A.
Given linear orderings (A, < A ), (B, < B ) and a function f : A → B, we say that f is (strictly) increasing or order preserving if for all x, y ∈ A, if x < A y, then f (x) < B f (y). We say that (A, < A ) is embeddable in (B, < B ) if there is an order preserving f : A → B.
If (A, < A ) is a linear ordering and B, C ⊆ A, we write B < A C to mean x < A y for all x ∈ B and y ∈ C.
A linear ordering is short if it does not contain any increasing or decreasing ω 1 -chain.
If ξ is an ordinal and (A, < A ) is a linear ordering, then we define the ξ-fold lexicographic power of (A, < A ) as the ordering on the set A ξ (of all ξ-sequences of members of A) where for x, y ∈ A ξ , x precedes y iff there exists α < ξ such that x(α) < A y(α) and for all β < α, x(β) = y(β); it is easily verified that this indeed defines a linear ordering. In particular, 2 = {0, 1} is ordered naturally, and 2
ξ denotes its ξ-fold lexicographic power. Let 2 ω1 denote the subordering of 2 ω1 consisting of those elements x of 2 ω1 for which there is ζ < ω 1 with x(ζ) = 1 and x(β) = 0 for all β with ζ < β < ω 1 (i.e. binary ω 1 -sequences with a last 1).
(ω ω , < N ) denotes the ω-fold lexicographic power of (ω, <). Proof. This follows from the following lemma. Proof. Let F be the family of all strictly increasing functions extending f (mapping a subset of A into B). Partially order F under extension. Then by Zorn's lemma, there is a maximal member g of F. We claim that dom(g) = A. Otherwise there To finish the proof of the theorem, let (A, < A ) be a quasi-short linear ordering, and let A α ⊆ A for α < ω 1 be such that A = {A α | α < ω 1 }, and for each α < ω 1 , the restriction < A A α of < A to A α is short. Without loss of generality, we assume that the sets A α increase with α. Now let (B, < B ) be any η 1 -ordering. Using Lemma 3.2 and transfinite induction, we can build strictly increasing functions f α : A α → B, α < ω 1 , such that if α < β < ω 1 , then f β extends f α . Then the common extension of all the functions f α is a strictly increasing map from (A, < A ) to (B, < B ).
Coanalytic orderings are quasi-short
We will use the fact that Borel linear orderings are short ( [1] , [2] ) in the proof of the following theorem. 
Since linear orderings satisfy the rule of trichotomy, the three Π 1 1 sets < ξ , > ξ , and = ξ form a partition of the Borel set A ξ × A ξ . So by Suslin's theorem, < ξ , > ξ , and = ξ are all Borel. So (A ξ , < ξ ) is a Borel linear ordering, and therefore short, for each ξ < ω 1 . Hence (A, < A ) is quasi-short. ω1 can be embedded in (P, < P ).
Proof. Throughout this proof we use terminology and results from [4] . We work in the space of irrationals N = ω ω . For i, j ∈ ω, let i, j ∈ ω be defined as
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ABHIJIT DASGUPTA For x ∈ ω ω and n ∈ ω, let
The following relations on ω ω are arithmetical: So if LO(x), then < x is a linear ordering of a subset of ω. If LO(x) and n ∈ ω, then let |x| denote the order-type of < x , and |x| ≺n the order-type of < x [n]. Let
WO(x)
def ←→ LO(x) and < x is a well-ordering.
Then WO is Π 1 1 , and so are the relations "|x| = |y|" and "|x| < |y|" defined on WO. Note that WO(x) ∧ WO(y) −→ (∃!f ) (ISO(f, x, y) ).
We now define the Π Notice that P codes 2 ω1 , i.e. there is a natural surjection from P onto 2 ω1 : If x ∈ P , then (x) 0 codes a countable successor ordinal |(x) 0 | with greatest element sup |(x) 0 |, and (x) 1 codes a subset of |(x) 0 | containing sup |(x) 0 |. So for x ∈ P , we can define a x ∈ 2 ω1 by a x (ζ) = 1 if (∃n)(ζ = |(x) 0 | ≺n ∧ (x) 1 (n) = 1), 0 otherwise, (ζ < ω 1 ).
